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Abstract 



The space-noncommutativity adapted to the Liouville black hole theory is studied in 
the present work. Among our contributions, we present the solutions of noncommutative 
Liouville Black hole equations of motion and find their classical properties such as the 
ADM mass, the horizon and the scalar Ricci curvature. 
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1 Liouville black hole 

Consider first the two-dimensional gravity coupled to a Liouville Field <fi such that the 
the action is taken to be [1] 



S = S G + S L = S G + / d 2 x^[b{Vct)) 2 + Ae~ 2 ^ + 7 0i?]. 



(1.1) 



The associated field equations are given by 



V 2 ?/> -R=0 



(1.2) 



2bW 2 <p + jR- 2ake- 2a4, 
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and 
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1.1 Exact solutions 

The previous set of equations is shown to reduce to [2] 



<9 + <9_(p — CHf 



8nGaj + AnGb - a 2 2{p _ a(j)) 
47rG(a7 + b) 



;i.5) 



i.e. p — acp obeys the Liouville equation, provided that 07 + b 7^ and b 7^ — 4tiGj 2 . 
Using our knowledge of the standard Liouville equation, we can set 
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p-acf 
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- x 2 uf_y 



;i.e) 



where K is a constant of integration and f± are arbitrary functions of the coordinates x± 
and the prime refers to differentiation by the relevant functional argument. We have also 



L2J 



and 



p + -(h + + h-) + O 



P = Cln 



47rG(a7 + 6) a 



■ A 

■ K 2 



- K 2 f + f. 



+ h+ + h„ 
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where /i± are arbitrary functions of the coordinates x± respectively. For convenience an 
additional constant of integration O has been retained and we can set 



yielding the following metric 
ds 2 = 



e 2p dx+dx- - 
df+df. 



2vrG(a7 + b) 
AnGb + 87rGa7 - a 2 



/;/: 

- K 2 uf.) 2 



1.9) 



(1.10) 



where the last term follows from a suitable choice of h±. Each of the metrics (11.101) may 
be transformed to a static system of coordinates 



ds 2 = —a(x)dt 2 + 



dx 2 
a(x) 



;i.n) 



under an inverse Kruskal-Szekeres transformation. We have to note that there are three 
distinct classes of solutions: 



(A) £ + 1/4, A ^ 
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In this case, the solution (11. lip is given by 

A 



a(x) 

00) 
ijj(x) 



2Mx 



2 -p 
2a 



M 2 {l-p) 2 
\n(2Mx) + ( 



(2Mx 



\ p = 2Mx - Bxl{—Y 



x 

x - 



2 -p 
2a 



\n(x/x ) 



-p\n{2Mx) + V c 



where K = Mj (p — 1) and 
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8ttG 



cry + 6 
a 2 + 47rG6 

a 2 + A-nGbf 



(b + AirG^iAirGb + 87rGa7 - a 2 ) 



with O = ^ln(2Mx ). 

(B) £ = 1/4, A ^ 
In this case, ( jl.lip is 



where 



ot(x) 

<f>(x) 
ijj(x) 



AixG' 



C = 



I _ Q e -2M(x-x ) 

M 

— [x - Xq) 
a 

2Mx + ip 

2nGka 
M 2 (a + AnG 1 ) 



and K = M. 
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1.13) 
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1.16) 



(C) 1 = 
In this case 



at(x) 
(f)(x) 

ip(x) 



where D is given by D = 71 G A 



4-rrGj—a ' 



2Mx\n(2Dxx ) 

— ln( — x) 

2a K M ' 

-2M\n(^x)+^ 



1.2 ADM mass, horizon and Ricci scalar curvature 

We summarize here below the essential properties of the Liouville black hole [1] 
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I _ (J e -2M(x-x ) 


2Mx\n(2Dxx ) 
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^(l-87rG 7 /a) 
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Horizon Xh 


— ( 


a-87rG 7 1 / A f \ 
WnGMa (A-kGM) 2 


2M p 2a<f> H 
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Curvature 


Bp (p-i)(^y- 2 


SnGAa -2M(x-x ) 
a+iirG-f 
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where the, real and positive, ADM-mass M. is defined as follows 



32nG 



[a. 



r\2 



a 



-a{</>' 



|2 7 I A> 

I - -a<f> 
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2 Noncommutativity and Liouville black hole 



The originality of the present work concerns our proposition to study the effect of the 
space noncommutativity on the Liouville black hole. For that we start by introducing 
the noncommutative variable x subject to the following noncommutative commutation 
relations [3] 



[X/x, Xy\ 



(_L X ^ V '* J V x **- ' IX 
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(2.1) 
(2.2) 



where the non-commutative parameter 6^ u possesses the dimension of (length) 2 . The 
field operators A(x) in field theories on NC geometry are the functions of x^, where the 
star-product (^-product) of two fields is given by 



A(x)*B{x) 



exp ( -9^d' u ) A(x)B(x') 



(2.3) 



It is implied that we have ordinary commutative relations between coordinates x^ and 
the momentum p^. 

[xn,Pv] = ifrSiiv, [p^,Pu] = 0. (2.4) 

As Q^ v is a constant tensor, the Lorentz symmetry is broken for field theories on NC 
geometry. It was noted in [3] that at the replacement 



we obtain the standard commutation relations 

[xi,Xj] = 0, [xi,pj] = ihdij, \pi,Pj) = 0. 



(2.5) 



(2.6) 



2.1 Noncommutative black hole solutions 

The metric of the Liouville black hole in static system of coordinates is given by [2] 

dx 2 



ds = —a (x) dt + 



a (x) 



(2.7) 



We assume here that we can change, in noncommutative space, the coordinate x in a(x) 
by x as follows: 



ds = —a (x) dt + 



dx 2 
a (x) 



{21 



where Xi = Xi — \9ijPj. We consider, after some algebraic computations, three distinct 
classes of solutions 
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For f ^ 1/4, A ^ 



In this case the solution (12. 8 ft is 



a{x) 
(j)(x) 



2Mv xx 



A 



M 2 (l-p) 2 



(2Mv / ii) p = 2MVx~x~ - Bx 



2—p 2— p 

ln(2Mv xx) + (f> = n ln(v xx/x ) 



2a 



2a 



—p ln(2Mv xx) + ip 
where K = Mj (p — 1) and 
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a 2 + AirGb 

a 2 + 4vrG6) 2 



(p -l) 2 (6 + 47rG'7 2 )(47rG'6 + 87rGa7 -a 2 ) 
For f = 1/4, A ^ 



with <£ n = ^ ln(2Ma;o 



In this case (12.81) is 



a[x) 

<j){x) 
ip(x) 



1 — C exp ( —2M ( 



where 

and K = M. 
• For A = 

In this case p = 1 or 

and 



XX — Xq J 

a 

2MVx~x~ + ip 
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2nGAa 



AnG 



M 2 (a + AiTG-f) 



AnG 



2a7 



a{x) 

(f)(x) 



2Mv xx ln(2D v xxxq) 

Ya^-M^ 
D 



-2M W — Vxx) +ip n 



where k = x /2. 



2.2 ADM-Mass, horizon and Ricci Scalar curvature 

This subsection is reserved to a presentation of some properties of Liouville black holes, 
namely ADM-Mass, the Horizon and the scalar Ricci curvature: 

• ADM-Mass 

The ADM-mass in the noncommutative case is defined as follows [I] 

,7 In/ / b. f T 1 ({a') 2 -K 2 \ 



fjA2 7 , 



(2.16) 



except that here a and are defined in terms of Noncommutative variables x. The ADM- 
Mass will be very useful in the calculation of thermodynamic properties of Liouville Black 
Hole such as Entropy and Temperature. 
For £ f 1/4, A ^ 

In this case the NC ADM-Mass is given by 

M = M - Pil ~ p)L Bx 3 - p x p - 3 9 (2.17) 

16A^7T 

with M is given by fjl . 18|1. 19[) . For 9 = we have M = M 
For £ = 1/4, A f 

In this case the NC ADM-Mass is given by 

M = M exp (— 2MS (6)) (2.18) 

with 

and M is given by fll.1801.19p . If = we have 3f (0) = hence M = M 
For A = 

In this case the NC ADM-Mass is given by 

M = M + a ~ A * Gl M [In (A(0))] (2.20) 
87rGa 

with 



X(9) = - + - 4 /l + ^ (2.21) 

2 2\/ (f) 2 exp (4a0^ 

and A"! is given by fll.18fl.19p . If 6 = we have A (0) = 1 which implies In (A(#)) hence 
M 

• Scalar Ricci Curvature: 
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For £ 7^ |,A^0: By definition, the scalar curvature is given by 



which gives 

* = ( 2 -23) 

X 2 x 

when = we obtain the result of the commutative case R = —. 

X 

For £ = I , A 7^ : The scalar curvature in this case is given by: 

a(x) = 1 - cexp(-2Mx) (2.24) 



by introducing a double derivation we find 

d 2 a (x) 



dx 2 



AM 2 cexp(-2Mx) (2.25) 



thus 



with 



il = iM 2 cexp ( -2M ( x - ]~ \ ) (2-26) 



27rGaA 



M 2 (a + 47rG 7 ) 



consequently 



2x7 



Horizon of NC Liouville Black hole 



For e=i A = 0: 



(2.27) 



i2 = t — - exp -2M [x 2.28 

(a + 4vrG 7 ) 1 \ \ 2 x J J V ; 

For £ 7^ |,A 7^ 0: The scalar curvature in this case is given by: 

a (x) = 2Mx - Bxl ( — } (2.29) 

consequently 

R = p(p-l)Bx 2 - p (x--—) (2.30) 



The horizon of the noncommutative metric (12. 15ft satisfies the following condition 

2a(p (x) = In (^^%J (2.31) 
By replacing the coordinated x j by its value Xi = Xi — \QijVj we obtain 



Xi - ^OijPj) Ui - ^BijPjj = ^ exp (2a<p H ) , (2.32) 
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which can be reduced simply to 

x--^ = — exp(2a0 H ) (2.33) 

with the scalar r)6 = XiPjOij. This gives rise, after straightforward computations, to the 
following second order differential equation 



x 2 - (J^ exp {2a<f>)\ x - ±rj6 = (2.34) 
The allowed solution for the horizon of NC Liouville black hole is simply given 

by 



XH = w exp (2a ^ } 1 + \ l + 27]d (A : ; ) ( 2 - 35 ) 

40 V V iw) exp(4a0 H )y/ 

The relevance of this result is shown once the classical limit is considered. In fact, 
the link with the commutative case is provided by considering 9 = and thus we find 
exactly the expresion of the horizon studied in ref. [2] 

M 

XH= 2D 6XP ( 2a( ^ H > ( 2 ' 36 ) 

Since the classical metric is given by 

a (x) = 1 - Cexp (-2M (x - x )) 
we can write the metric of the Liouville black hole in a noncommutative space as 

a(x) = 1 - Cexp (-2M(x - x )) 

= 1 - C exp (-2MVm) exp (2Mx ) (2.37) 

The horizon is obtained from the positive solution of the equation a (x) = which implies 

C exp (-2MVxT\ exp (2Mx ) = 1 (2.38) 

So we have the following expression for the horizon 



x H = — lnc+ — f 1 + J I + — ? I (2.39) 



the link with the commutative case is provided by considering 6 = 0. In fact, we find 
exactly the expression of the horizon studied in ref. ^\xh = x$ + tm hie 

For A^O 
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In this case we find the horizon of NC Liouville black hole by considering the field 
of the metric 

2 — p i yM; \ 

^^r ln (— J < 2 - 40 > 

the development in first order of this equation becomes 

(2-p) LB ( 1 \ 2 ~" , ,, 

which gives the following expression for the horizon 



Jg ^exp(2^)fl + ,/l + 2 < 2 ■" )U - ] (2.41) 

\Xq f ) exp (4a<t 



once again the link with the commutative case is provided by considering 9 = 0, we find 
exactly the expression of the horizon studied in ref. [2] 



XH = Xo" p exp(2a0) (2.42) 
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